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Abstract 

The notion of free generalized vertex algebras is introduced. It is equivalent 
to the notion of generalized principal subspaces associated with lattices which 
are not necessarily integral. Combinatorial bases and the characters of the 
free generalized vertex algebras are given. As an application, the commutants 
of principal subspaces are described by using generalized principal subspaces. 
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1. Introduction 


The notion of vertex superalgebras is an analogy of the notion of com¬ 
mutative associative algebras. They have countably many multiplications 
with the locality axioms. A free vertex superalgebra F = F{B,Af) |20| is the 
universal object for some vertex super algebras. It is described by the set of 
generators B and system of locality bounds J\f : B x B ^ Z, which deter¬ 
mine the form of the locality axiom on B. If a vertex algebra V is generated 
by B and have the system of locality bounds J\f among the elements of B, 
then there exists the unique projection F{B,J\f) —)■ V which sends B G F 
identically onto B G V. Note that F is determined not only by B but also by 
A/". It was hrst remarked in j^. In combinatorial bases and the graded 
dimensions of the free vertex superalgebras were given. 

There is a notion which is equivalent to the notion of free vertex super¬ 
algebras — the principal subspaces of the lattice vertex superalgebras |l8[. 
Principal subspaces are hrst introduced by Feigin and Stoyanovsky j^. A 
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(Feigin-Stoyanovsky) principal subspace is the subspace 


PF(A) = f/(h) • va 


of a standard ^-module L{A), where n is the nilradical of a Borel subal¬ 
gebra of sln+i- When n = 1, the graded dimensions of hF(Ao) and hF(Ai) 
agree with the Rogers-Ramanujan functions. The notion clearly extends to 
an arbitrary highest weight module for an affine Lie algebra. The principal 
subspaces were studied in jl, 0, [l^, 00, 19, 0] and others. 

Recently, Milas and Penn considered the lattice VOA Vl and the ver¬ 
tex subalgebra Wl{B) = (e^L ..., e^")v.a., called the principal subalgebra 


ISj . This is a generalization of the principal subspaces of level one standard 
modules over simply-laced simple Lie algebras. Combinatorial bases and the 
graded dimensions of the subalgebra Wl{B) and some modules were given 

in fisl ]. 

Let F = F{B,J\f) be a free vertex superalgebra. Then, F is embedded 
in the lattice vertex superalgebra Vq associated with the lattice Q = {B)i 
which is the free abelian group generated by B j^. Actually, the image is 
the principal subspace Wq{B) of Vq (ioj ]. 

There is the generalization of the vertex superalgebras — the generalized 
vertex algebras {GVA) 0, 0. One of the most important GVAs is a GVA 
associated with lattices which are not necessarily integral. 

In this paper, we introduce the free GVAs and the generalized principal 
subspaces. Our construction of free GVAs are similar to the construction of 


free vertex superalgebras in [20|]. In order to generalize the construction of 


free vertex superalgebras, we use a generalization of componentwise comple¬ 
tion of graded algebras [l7|. The crucial point is that the formal power series 
Y (a, z) (a G B) is indeed a field (see Proposition 14.ip . 

Then, we give combinatorial bases and the graded dimensions of free 


GVAs by generalizing the results of [20|, ll8j. Moreover, we show that the 


free GVA generated by a set B is isomorphic to the generalized principal 
subspace associated with the free abelian group Qb- 

Finally, we show the duality of free GVAs (generalized principal sub¬ 
spaces). This is related to the notion of the dual lattices. 


In section 2, we generalize the notion of componentwise completions [17 


In section 3, we recall the generalized vertex algebras and give spanning sets 
of the weight graded GVAs. In section 4, we construct the free general¬ 
ized vertex algebras by using the componentwise completions in section 2. 
In section 5, we introduce a notion of the generalized principal subspaces 
associated with lattices. By using the vertex operators of lattice vertex alge¬ 
bras, we show that the spanning sets given in section 3 of the free GVAs are 
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linearly-independent. In section 6, we give a presentation of lattice GVAs 
in terms of generators and relations, by nsing the free GVAs. In section 7, 
we compnte the graded dimensions of the free GVAs and show the dnality 
of free GVAs. As an application, we describe the commntants of the Feigin- 
Stoyanovsky principal snbspaces nsing the generalized principal snbspaces 
(free GVAs). 

Notations. 

We denote the non-negative integers by Z_|_ and the negative integers by 
Z<o. All vector spaces are over a held k containing the complex numbers C. 
We endow the held k with the discrete topology. For ^ G C, we denote the 
real part of 2 ; by Re( 2 ;). 


2. Preliminaries on linear topologies 


We generalize the construction in 



2.1. Componentwise topological algebras 

Let Q be an abelian group equipped with a hltration 


• • ■ C F_iQ C FoQ C FiQ C F 2 Q C ■ • ■ 

indexed by integers such that FpQ + FgQ C Fp^gQ. Suppose that the hltra¬ 
tion is separated, that is, = 0. Let A be an algebra and suppose 

given a grading 

indexed by the abelian group Q such that A{a) ■ A{(3) C A{a + (3). Dehne a 
hltration of A by FpA = 0cigFpQ ^('^)- simply call such an A a graded 
algebra. 

Since the hltration F is separated for a ^ Q, we have the unique minimum 
p E 1i such that a E FpQ. We denote such an integer by p(a). 

Let A = 0^ A(a) be a graded algebra and suppose given a linear topology 
on each A{a). Let n be a non-negative integer. Gonsider the subspace 

A{a) n {A ■ F_„_iA) 

and let I„(A(a)) be its closure in A{a). 

Definition 2.1. A componentwise topological algebra is a graded algebra A 
endowed with a linear topology on each A{a) such that 
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1. the multiplication maps A{a) x A(/9) A(a + (3) are continuous; 

2. for each a E Q, the sequence {I„(A(q;))} forms a neighborhood basis 
of zero in A{a). 

A componentwise complete algebra is a componentwise topological algebra A 
such that the topology on each A{a) is complete. 

Let A be a componentwise topological algebra. Since the multiplication 
maps A{a) x A(/9) —)■ A{a + /3) are continuous, we have 

A{a) ■ I„(A(/3)) C I„(A(q; + P)) 

and 

I„(A(q;)) • A(/3) c \n-p{p){A{a + (3)). 

Therefore, for a G A{q.) and b G A(/9), we have 

(a + \n+p{i 3 ){A{a))) ■ (h + I„(A(/3))) C a ■ 6 + I„(A(q; + 13)). 

We call the sum of the closures of the homogeneous subspaces of a graded 
subspace U the componentwise closure of U. 

2.2. Componentwise completions 

Let A be a componentwise topological algebra. Set 

a 

where A(q;) is the completion |im JA(q:) + I„(A(q;)))/I„(A(q;)) of the space 

A(q;). We call A the componentwise completionof A. Since the multiplication 
A(q;) X A{/3) -E A{a + (3) are continuous, they induce continuous bilinear 
maps A(q;) X A(/9) —)■ A(q; + [3) which make A into an algebra endowed 
with a topology on each A(q;). Explicitly, let v and w be elements of A(q;) 
and A(/9). Then, v and w have the forms v = Y\n{vn + In(A(Q;))) and 
w = Y\.n^'^n + ^n{A{l3))) with G A(q;) and Wn G A(/9) (n G Z_|_). The 
multiplication of v and w is given by 

V -W = ]^(t'n+p(/3) ■ Wn + \n{A{a + /?))). 

n 

Dehne the hltration F of A by F^A being the componentwise closure of FpA 
for each p Eh. 

Proposition 2.1. The componentwise completion A is a componentwise 
complete algebra. 
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Let A = 0„^(«) be a graded algebra. Recall the filtration FpA = 
A (a). We endow the space A{a) with the linear topology defined by 
R(a) = A{a) fl {A ■ F_„_iy4). Then A becomes a componentwise topological 
algebra. 

We call this componentwise topology on A the standard componentwise 
topology and the completion A the standard componentwise completion. 

3. The generalized vertex algebras 

3.1. Fields, locality and generalized vertex algebras 

The generalized vertex algebras were first introdnced in [^. Following j^, 
we define a notion of generalized vertex algebras. 

Let be a vector space. We identify the snbsets of C/Z and the Z- 
invariant snbsets of C. Let F be a snbset of C/Z. We denote by 2 ;’"]] 
the space of all formal inhnite series with /(n) G U. We denote 

by f/[[ 2 ;]]z^ the space of all hnite snms of the form with dj G F 

and G 1L[[^]]. 

Let Q be an abelian gronp with a symmetric bilinear map A : Q x Q —)■ 
C/Z. Let R be a vector space, and snppose given a Q-grading V = 0Q,gQ R“ 
on V. 

For A G C, we define the formal expansions 
^21,22(a - 2 : 2 )^ := 

= E (/) e (c|[z.]i*-r")[h]i, 

and 

= E (/) e (C[Nl2f+^)||2ill. 

j€Z+ 

Definition 3.1. ([^) 

1. A field of charge a E Q on V (with respect to Q, A and a grading 
0a ^ formal series a(z) G (End(R))[[z, z^]] with the prop¬ 

erty that 

a{z)b G for b G Vg. 

We denote by J^°‘{V,Q,A) the vector space of all helds of charge a. 
We denote A(R, Q, A) = 0^^^ A“(R, Q, A). 
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2. Let p be a non-zero complex number. Two fields a{z) and b{z) of 
charges a and {3 are called mutually p-local if there exists N G A(q;, /3) 
such that 


t'z,wiz — w)^a{z)b{w) = p ■ iw,z{z — w)^b{w)a{z). (3.1) 

We call such an iV a (p-)locality bound of a{z) and b{z). 

The following lemma states that the notion of p-locality bound is inde¬ 
pendent of a choice of p. Let a{z) and b{z) be fields of charge a and jS. Let 
p be non-zero complex numbers and N a p-locality bound. 

Lemma 3.1. One of the following is hold: 

(i) for any q E , the number N is a q-locality bound; 
or 

(a) for any q E with p ^ q, the number N is not a q-locality bound. 

Proof. If iz^w{.z— w)^a{z)b{w) = 0, then (i) holds. Otherwise, (ii) holds. □ 

By the above lemma, we call a p-locality bound simply a locality bound. 

Definition 3.2. A weak generalized vertex algebra {weak GVA) consists of 
the following data; 

1. (space of states) a vector space V] 

2. (vacuum vector) a non-zero vector |0) G 

3. (translation operator) an endomorphism T G End(B); 

4. (state-field correspondence) a linear map Y ■. V ^ End(0)[[2:, 2 :''^]], 

a ^ Y{a, z) = '^{n)z~^~^ (a(n) G End(E), n E C) from V to the 

space of formal series, 

subject to the following axioms; 

1. (vacuum axiom) T|0) = 0, and Y (a, 2;)|0)|2=o = a {a E V)] 

2. (translation covariance) \T,Y{a, z)] = dzY{a,z) {a G V). 

We denote the weak GVAs by (V, F, |0), T) or V. 

Let Vi, V 2 be weak GVAs. 

Definition 3.3. A homomorphism of weak GVAs is a linear map / : V ^ V 2 
which satisfies 

1. f{Yi{a,z)b) =Y 2 {f{a),z)f{b) (a,6G W); 

2 . /(| 0 )i) = 10)2; 

3. /0Ti=T20/. 
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Definition 3.4. 1. A weak generalized vertex subalgebra {subweak GVA) 

of a weak GVA V is a T-invariant subspace W oiV such that |0) G hh 
and that Y{wi^z)w 2 G hh[[ 2 :, ; 2 ^]] for Wi,W 2 G W (with the induced 
weak GVA structure). 

2. A weak GVA (left) ideal of a weak GVA V is a T-invariant subspace I 
of V such that Y (u, z)u G I[[z, 2 :'*']] for any v E V, u E I. 

Let V, W be weak GVAs and f : V ^ W a homomorphism of weak GVAs. 
Then, the image of / is a subweak GVA of W, and the kernel of / is a weak 
GVA ideal of V. Let I, J be weak GVA ideals of V. Then, / fl J and / © J 
are also weak GVA ideals of V. Let U, U' be subweak GVA of V. Then, 
GDG' is also a subweak GVA of V. Let T be a subset of V. The weak GVA 
ideal generated by B is the unique minimal weak GVA ideal of V containing 
B. The subweak GVA generated by B is the unique minimal subweak GVA 
of V containing B. 

Now we define a notion of the generalized vertex algebras. 

Definition 3.5. A generalized vertex algebra {GVA) is a weak GVA (V, V, |0), T) 
such that 

• (field and loeality axiom) there exist 

1 . an abelian group Q] 

2. a symmetric bilinear map AiQxQ—)-C/Z; 

3. a Q-grading V = 0„eQ V" on V; 

4. a bimultiplicative function r] : Q x Q ^ C^, 

such that 

1 . the vacuum vector | 0 ) belongs to 

2. the translation operator T is Q-grading preserving; 

3. the state-field correspondence Y becomes a Q-grading preserving 
linear map into B{V, Q, A) = 0q,.T"(V, Q, A); 

(that is, for any a E Q and a E the formal series Y (a, z) is a 
field of charge a with respect to Q, A and the Q-grading on V); 

4. the complex number r]{a, (5)r]{(d,a) is equal to (tt,/9 G 

Q); 

5. the fields Y (a, z) and Y(b, w) are mutually 77 ( 0 ;, /9)-local {a, fi E Q, 
aEV^,bE V^). 

We denote the generalized vertex algebra by (V, V, |0), T) or V. We call a 
quadruple {Q,A, (Q-gradingV = 0 q, V"),?]) in the field and locality axiom 
a eharge faetor on V. We denote it by {Q, A, rj) or Q. 
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Remark 3.1. Let (V,F, |0),T) be a GVA and {Q,A,ri) a charge factor on 
V. Then, for hxed Q and A, the qnadruple {V = |0))^) is a 

generalized vertex algebra in . 

Let V he a. GVA. Fix a charge factor {Q, A, rj) on V. 

We call the grading V = 0Q,eQ ^ charge-grading and denote 7 (a) = a 

for any non-zero a G V". We call the bimnltiplicative fnnction t] : Q x Q ^ 

a locality factor. 

Let i? be a snbset of V consisting of Q-homogeneons elements and Af : 
B X i? —)■ C be a symmetric fnnction. We call Af a locality bound on B if for 
any a,b E B, the nnmber Af{a, b) is a locality bonnd of Y (a, z) and Y ( 6 , z). 

Let a and b be homogeneons elements of V with the charges a and /3. 
Note that the two helds Y (a, -s) = X] a‘{n)z~^~^ and Y ( 6 , w) =b{n)w~^~^ 
are 7 ( 0 ,/9)-local if and only if there exists N G A{a,/3) snch that for ant 
s, f G C, 



(3.2) 


We denote the LHS of 03.21) by Z(a, b, s, t, N, rj). 

Let (VijTi, |0)i,Ti) and (^ 2 ,^ 2 , | 0 ) 2 ,T 2 ) be generalized vertex algebras. 

Definition 3.6. A homomorphism of generalized vertex algebras is a homo¬ 
morphism of weak GVAs / : Gi —)■ V 2 snch that 

• {charge compatibility) there exist 

1 . charge factors (Qi, Ai,? 7 i) on Vi and {Q 2 , A 2 ,ri 2 ) on lA; 

2 . a group-homomorphism </> : Qi —)■ Q 2 

which satisfy the following conditions {a, ft G Qi): 


1. /((Vi)“) C (V2)'^(“); 

2. A2(0(a),0(/3)) = Ai(q;,/?); 

3. r] 2 {(f{a),(j){(d)) = r]i{a,/3). 


Note that when charge factors {Qi, Ai,r]i) and {Q 2 , A 2 ,r] 2 ) and a group- 
homomorphism (f : Qi ^ Q 2 satisfy the charge compatibility axiom, then 
Q 2 , As, t ]2 and the induced grading IR = where (Vi)^ = 0 ^eQi,^(„)=; 3 (Vi)“, 

forms a charge factor on Vi. The charge factors {Q 2 , A 2 ,r] 2 ) on Vi and V 2 
and the identity map Q 2 Q 2 satisfy again the charge compatibility axiom. 
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Definition 3.7. 1. A generalized vertex subalgebra {subGVA) of a gener¬ 

alized vertex algebra is a subweak GVA W of V such that there 
exists a charge factor Q on V such that hh is a Q-graded subspace of 
V (with the induced GVA structure). 

2. An ideal {GVA-ideat) of a generalized vertex algebra V is a weak GVA 
ideal / of V such that there exists a charge factor Q on V such that I 
is a Q-graded subspace of V. 

Let V be a GVA and W a subGVA. By the definition, the natural injection 
L \W is a. homomorphism of GVAs. 

Let / be an ideal of V. Gonsider the quotient space V/I and set Y'(a + 
/, z){b + I) = Y (a, z)b +1 for a, 6 G I. Since the GVA-ideals are “two-sided” 
ideals, it defines a well-defined map from V/I x V/I to End(V//)[[x, 

Since I is T-invariant, the operator T induces on V/I the operator T'. 

Proposition 3.1. The induced weak GVA {V/I,Y', |0) + I,T') is a gener¬ 
alized vertex algebra. Moreover, the projection tt ■. V ^ V/I is a homomor¬ 
phism of GVAs. 

Proof. Let {Q,A,r]) be a charge factor on V such that I is Q-invariant. 
Then, we have the induced grading V/I = 0Q,gQ(V//)". The quadruple 
(Q, A, (the grading onV/I),r/) satisfies the field and locality axiom on V/I. 
Therefore, V/I is a GVA. The projection tt : V ^ V/I is a homomorphism 
with the group-homomorphism id : Q ^ Q. □ 

Let Vi, V 2 be GVAs and / : Vl —)■ V 2 a homomorphism of GVAs. 

Proposition 3.2. The kernel of f is an ideal of Vi. Moreover, the image of 
f IS a subGVA 0 /V 2 . 

Proof. Let {Qi, Ai,rii) and {Q 2 , A 2 ,ri 2 ) be charge factors on V and V 2 and 
0 : Qi —t (^2 be a group-homomorphism satisfying the charge compatibility 
axiom on the homomorphism /. The image of / is a subVOA of V 2 with the 
charge factor {Q 2 , A 2 ,ri 2 ) (with the induced grading on W). Now, we show 
that ker{f) is an ideal of V. We have V(ker(/),x)V C ker(/)[[x, x^]] and 
T(ker(/)) C ker(/). Let v be an element of ker(/). Gonsider the induced 
grading V = 0^eQ,(Vi)^, where (V)^ = 0„eQ^,^(„)=^(Vi)“. Then the 
quadruple ((^ 2 , A 2 , (the induced grading on Vi),r] 2 ) is a charge factor on V. 
The charge factors together with the identity map Q 2 —t Q 2 satisfy again the 
charge compatibility axiom. The vector v has the form v = with 

G {ViY. Then, by the charge compatibiliy axiom, we have f{v^) = 0 for 
each (3 & Q 2 - Hence, ker(/) is a (52-gi’aded subspace, which completes the 
proof. □ 
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Let y be a GVA and {Q, A, rj) a charge factor on V. Let 5 be a snbset 
of V. Snppose that each element of 5 is a Q-homogeneons vector. 

Proposition 3.3. The weak GVA ideal generated by B is a GVA ideal ofV. 
The subweak GVA generated by B is a subGVA ofV. 

Proof. We show the former statement. Let I denote the weak GVA ideal gen¬ 
erated hy B. By the associativity of the GVAs (i). the space I is spanned 
by the monomials of the form ai{ni) ... am{nm)b with a non-negative in¬ 
teger m > 0, Q-homogeneons elements G V, complex nnmbers 

77 -1 ,... ,nm G C and a vector b E B. Hence, / is Q-graded, which completes 
the proof. □ 

Let Q be an abelian gronp, V a Q-graded vector space, |0) an element of 

V and T a linear map on V. Let A:QxQ—)-C/Zbea symmetric bilinear 

map and t] : Q x Q ^ a bimnltiplicative fnnction with ri{a, I3)r]{l3,a) = 
g-2mA(a,/3)_ be a system of fields on V. Denote the charge of 

(f>i{z) by Q!j . Assnme (j)i{z) and (j)j{z) are mntnally //(a*, aj)-local for every 
i,j G I. Assnme 4>i{z) is translation covariant with respect to T, that is, 
[T, 0i(z)] = dz(j)i{z), for every i E I. Assnme the coefficients of all formal 
series • • •0i„(^n)|O) (n G Z+) span the whole vector space V. 

Theorem 3.1. (Reconstruction theorem f^]) The fields {fifiz)} generates on 

V a unigue structure of a generalized vertex algebra with a charge factor 

Sometimes, we nse another grading. 

Definition 3.8. The C-grading V = ©nec Vn is called a weight grading if 

• there exists a charge factor (Q, A, rj) snch that the grading is compat¬ 
ible with the Q-grading V = ©Q,gQ (we call snch a charge factor 
compatible with the weight-grading); 

• a{kdjVn EL Vm+n—k—lifl G Vm; k E C). 

3.2. The current algebras 

Let (V, V, |0), T) be a generalized vertex algebra eqnipped with a weight¬ 
grading V = ©(igc^('^)- ^ charge factor {Q,A,7]) compatible with the 

weight-grading. Assnme that the weight-grading is bonnded below, that is, 
there exists A G M snch that V = ©dec, Re(d)>V V{d). 

Let ns consider the space 

L{V) = V[t,t-^] = V®kk[f,f^]. 
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Let a be a weight-homogeneous vector of V and m a complex number. We 
denote a(m) = a0t"^. We set wt(a(m)) = wt(a) — m — 1. Then we have the 
grading L(V) = 0rfgc(-^(^))('^) L(V). Consider the quotient space 

W = L(V)/dL(V), 
where d : L(V) —)■ L(V) is defined by 

d(u C) t”) = Tm (g) f” -I- nu 0 

Then W admits the grading W = ejnd). 

Let A denote the symmetric algebra of W. The grading on W induces the 
grading A = 0^^^, A(d) on A. Dehne a hltration by FpA = ^aec,Re{d)<p Md) 
{p E 1^). Since it is separated, A becomes a hltered graded algebra. Consider 
the standard hltered componentwise topology on A and let A denote the 
hltered componentwise completion. 

Let a, b be weight- and charge-homogeneous element of V with the charges 
a and [5. Consider the following relations in A for m, A; G C and n G A(q;, (3). 

Bm,n,fc(aA) = {a{n + i)h){m + k - i) 

j&+ J 

- (-1A (jf) + n- j)b{k + j) 

jez+ 

—p{a, I3)e™b{n + k — j)a{m + j)). 

The hrst sum in the RHS is actually a hnite sum whereas the second and 
the last are inhnite sums which converge in the linear topology of A(wt(a) -|- 
wt(6) —n — m — k — 2). The relations &) = 0 are nothing else but 

the Borcherds identities. 

Let B be the two-sided ideal of A generated by the elements Bm,n,fc, and 
let B be the componentwise closure of B. Then B is also an ideal of A. 

We now dehne the current algebra U associated with V to be the quotient 
algebra of A by the ideal B; 

U = i/B. 

Then U is a bi-graded algebra, since B is a graded ideal. 

3.3. Some lemmas 

Now, we show some lemmas for the following section. 

Let C be a GVA with a charge factor (Q, A, rj). 

Let a, b, c be Q-homogeneous elements of V. Let a and (3 denote the 
charge of a and b. Let iV be a locality bound of Y (a, z) and Y (6, z). Let s, t 
be complex numbers. 
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Lemma 3.2. 


a{s)b(t)c = ri{a, /9)e”^ (“1)'^ ( . j b{t + N — j)a{s — N + j)c 

jez+ ^ 

- (j i) - 1 - j)Kt + 1 + j)c. (3.3) 

j&z+ ' 

Proof. By equality fl3.2p . we have the lemma. □ 

Lemma 3.3. 

M 

aMb(t)c = ^ r, ■ b(t + N — j)a{s — N + j)c, 

j=-M 

where M is a non-negative integer and r_M, ■ ■ ■ ,tm are complex numbers. 
Proof. Since Y{b, z) is a field, by Lemma 13.21 we have the lemma. □ 

3 . 4 . A spanning set of the generalized vertex algebras 

We construct a spanning set of certain generalized vertex algebras. Let 
(1/, F, |0), T) be a generalized vertex algebra and (Q, A, p) be a charge factor 
on V. Let i? be a totally ordered set with a map i : B ^ V. Suppose that 
each element of z(5) is a non-zero Q-homogeneous vector. Suppose that the 
subGVA generated by the subset i{B) C V agrees with V. 

Let J\f : B X B ^ C he & symmetric map. For any a,b E B, suppose that 
the number Af{a, b) is a locality bound of the fields Y (z(a), z) and Y (z(6), z). 
We call such a map Af a locality bound on (S, i). We denote a = z(a) {a E B). 

For a non-empty finite ordered set X = {n^ < ■ ■ ■ < ni] and operators 
fn (n G A), we denote the operator o • • • o by Hnex When X is 
empty, fn denotes the identity operator. 

Let fc be a non-negative integer. Let ai,... ,ak be elements of the set 
B and mi,..., m^ complex numbers. Define 'L(ai, mi; • • • ; a^, m^) by recur¬ 
sively setting 

d'(ai,mi;a2,m2; • • • ]ak,mk) 

:= ak{mk + aj))d'(ai, mp • • • ;afc_i,mfc_i) 

and 

'TO-IO) (fc = 0). 

For a non-negative integer r < k and monomial u = \['(ai,mi; • • • ; arjUnr), 
we put 

\1^('U, Clj—l-lj ^r+l) ' ' ‘ ‘ ^fc)- 
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Let < denote the total order of the totally ordered set B. 

Let fc be a non-negative integer. Let Oi,..., be elements of B with oi < 
■ ■ ■ < ttk- Let M be an integer. Consider the subspace ld(ai,..., a^; M) C V 
spanned by the elements 

k 

'L(ai,mi; • • • ;ak,mk) = (ai{mi + «i))) |0) 

i=l 

with rrii & Tj {i = 1,k) such that mi mk = M. Note that when 

A; = 0, we have C( ; M) = 0 if M ^ 0 and C( ; 0) = C|0). 

Lemma 3.4. 


C= V{ai,...,ak;M). 

k>0,ai 

Proof. Since B generates V, by the associativity of the generalized vertex 
algebras and Lemma 13.31 the space V is spanned by the monomials of the 
form V = mi; • • • ; a^, mk) with k > 0 and m* G C, Oi,..., G B 

with oi < • ■ • < Ofc. When mj ^ Z for some j, we have n = 0, since 
A(aj, ttj) = Af{ai, aj) + Z. Thus, we have the lemma. □ 

Consider the subset C(ai ,... ,ak; M) consisting of the elements 

k 

'L(ai,mi; • • • ;ak,mk) = JJ (ai{mi + «i))) | 0 ) 

i=l 

with negative integers mi,..., m^ G Z<o such that mi • ■ + mk = M and if 
i < j and a, = aj, then m* > mj. Note that if M > —k, then C(ai ,... ,ak; M) 
is empty. When /c = 0, we have C{ ; M) = 0 if M 7 ^ 0 and C( ; 0) = {|0)}. 
Set C(l/, B,J\f) = Ufc> 0 ,ai<---<afceB,M<-fc^(®l’ ■ ■ ■ i^k'i M). 

Theorem 3.2. Let k be a non-negative integer, M an integer and ai,... ,ak 
elements of B with Oi < ■ • ■ < a^. 

1. The set C{ai,... ,ak, M) spans the vector space V{ai,... ,ak] M). 

2. If M > —k, then V{ai,... ,ak', M) = 0. 

Corollary 3.1. The set C{V,B,Af) spans the vector space V. 

The corollary follows from the theorem and Lemma 13.41 In the rest of 
the section we prove the theorem. 
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Proof. Put C = C(ai,..., a^; M). If M > —k and C spans V (oi,..., a^; M), 
then V{ai,... ,ak] M) = 0, since C is empty if M > —k. 

Let A; be a non-negative integer, M an integer and ai < ■ ■ ■ < Ok elements 
of B. Let n be a monomial ■ ■ ■ ]ak, mk) with mi,..., rrik G C with 

mi ruk = M. Put C = C(ai,... ,ak; M). It suffices to show n G C- 

span(C) to prove (1) and (2). We show it by induction on k. 

Assume A: = 1. If M < —1, then v E C. If M > —1, then n = 0 G C- 
span(C), since ai(j)|0) = 0 for j > —1. 

Assume k > 2. The proof falls into two parts: 


® — ^k—l) 


• df^ ^ CL}^—i. 


The case Ofc = ttk-i- First, we prove the case Ok-i = ak- Put = 

V. By the induction hypothesis, if M — mk > —k -|- 1, then we have 

= 0 G C-span(C), since the vector \h(ai, mi; • • • ;afc_i,mfc_i) belongs to 

V{ai, ... ,afc_i;M - mk). 

Assume M — mk < —k + 1. By the induction hypothesis, is the 
linear sum of the monomials of the form = T(M;afc,mfc) = akijrik + 
X]j=i o.j))u with u G C(ai,..., ak-i] M — mk). Then, the monomial u 
has the form u = T(ai, rzi; • • • ; a^-i, Uk-i) with negative integers rii,..., rik-i G 
Z<o such that M — mk = ni + ■ ■ ■ + rik-i and if i < j and a* = a^, then 
Ui > rij. When m^ < nk-i, we have x^ G C. Assume m^ > Uk-i. Apply 
formula fl3.3p to the monomial x^ with N = Af{ak, ak-i) = J^{cLk, cik)- Then, 
x^ becomes the sum of the monomials of the form = \h(ai, m'l; • • • ; Ofc, m^) 
with integers m[ E 'L such that m^ < m^ and M = m'^ • -f m'j^. Since 

m'^ < mk, the integer M — m'^, is greater than M — mk- If M — m'^ > — A: -|- 1, 
then = 0. Otherwise, again apply the procedure to and we obtain 
either G C or with m” such that rn'l < m^. Hence, by repeating the 
procedure, eventually we obtain v E C-span(C). 

The case Ofc > ttk-i- Now, we prove the case Ok > ak-i- We will apply 
formula fl3.3p twice. Put mj^o = m, for A = 1,..., A:. When mk^o < —1, by 
the induction hypothesis and > Ok-i, we have v E C-span(C). Suppose 
^k,o > —1- Set = V. Apply formula fl3.3p to the monomial v with 
N = J\f{ak, cik-i)- Then, becomes the sum of the monomials of the forms 

= T(ai,mi,i; • • • ;ak,mk,i) 


and 


y — ^(ai, mi_o; • • • ; Ofc-2, ^^^-2,0; Ofc, afc-i,p) 
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with integers mi i,..., mk^i,p, g G Z with m^,! < mkfi, M = mi^i + • ■ • + mfc^i 
and p + q = m^fi + rrik-ifi- 

Now, we show y G C-span(C). Put = y. By the induction hypothesis, 
if M — p > —k + 1, then y^ = 0. Assume M — p < —k + 1. By the induction 
hypothesis, y^ is the sum of the monomials of the form 

2 ; = ^{z']ak,r;ak-i,p) 

with a negative integer r and monomial z' & C{ai,, ak- 2 , M — p — r). Then 
again apply formula fl3.3p to z. Then z becomes the sum of the monomials 
of the forms 

g = ^{z';ak-i,p + l;ak,r -1) 

and 

y^ = T(z';afc,r + I + l;afc_i,p - I - 1) 

with non-negative integers I > 0. By the induction hypothesis, ak-i,p+ 
1) belongs to C-span(C(ai,... ,ak-i,M — r + 1)). Since r — I < —1 and 
Qk > ttk-i, we have g G C-span(C). Since I > 0, the number M — (p — l — l) is 
greater than M — p. li M —{p —I —1) > —k + 1, then = 0 by the induction 
hypothesis. Otherwise, again apply the procedure to y^. By repeating the 
procedure, we eventually obtain y G C-span(C). 

Now, let us show G C-span(C). Since nik^i < mkfl, the number M—rUk^i 
is greater than M — mkfl. If M — rrik^i > —k + 1, by the induction hypothesis, 
we have = 0. Otherwise, again apply the procedure to then we obtain 
monomials with mk ^2 < By repeating the procedure, eventually we 

have V = E C-span(C). Thus, we have the proposition. □ 

4. The free generalized vertex algebras 

4 . 1 . The free generalized vertex algebras 

Let S be a set. Let Qb = 0aes^®(®) ^ abelian group with a 

Z-basis {e{a)}a£B indexed by B. We identify B and {e{a)}a£B- Let J\f : B x 
S —)■ C be a symmetric function. We bilinearly extend J\f to the symmetric 
bilinear form A/": —)■ C. Define A : QbxQb —t C/Z to be A(a, (4) = 

-|- Z (q!,/S G Qb)- Let p : Qb x Qb —)■ be a bimultiplicative 

function with p{a,a) = Note that we have p{a, (4)p{(4,a) = 

g-2«A(a,/3) g 

Now we construct a free generalized vertex algebra F = F{B,J\f,p). 

Set X = {a(n)|a E B,n E C}(= B x C). Let A = k[A] denote the 
free associative algebra generated by X. We denote the unit by |0). Let 
m denote a positive integer, ai,... ,am elements of B and rii,..., Um el¬ 
ements of C. Set T(|0)) = 0 and T(ai(ni) • • ■ ' 
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aiijii) ■ ■ ■ aiijii — l)---am{nm,) , and extend T linearly on A. The space 
A is Qs-graded by 7(01 (ni) ■ • • amijim)) = e(ai) + ■ • • + e{am)- Actually, A 
is (( 5 B)+-gi’aded, where {Qb)+ = 0aGB^+®(®)- define a C-grading by 
(5(ai(ni) ■ • ■ amijim)) = ~ !)• Then A admits a {Qb x C)-graded 

algebra structure A = 0Q,gQg dec where A{a,d) = (/ G A| 7 (/) = 

a,5{f) = d)k. 

Let us define a filtration {Fp((5_B x on the abelian group Qb x C 

by 

Fp{Qb X C) = {{a,d) e Qb X C\a G Qb, d G C, Re(d) < p}. 

Define a filtration on A by FpA = 0 (q, d)eFp(QsxC) (P ^ 

In(A(Q;, d)) = A{a, d) n (A ■ F_„_iA) (n G Z,+ , {a,d) E Qb x C) and consider 
the standard filtered componentwise topology on A and denote the standard 
filtered componentwise completion by A. 

The operator T : A —)■ A is continuous, since T(I„(A(q;, d))) C I„_i(A(q;, d+ 
1 )) for n > 1. 

Let V be an element of A. Then v has the form v = nnK + In(A(a,d))) 
with Vn G A(Q;,d) (n G Z+). Set T{v) = n^^o(T(^'n+i) +In(A(Q;,d+ 1))). 
Since T(I„(A(q;, d))) C I„_i(A(q;, d + 1)), the operator T is well-defined. 

Lemma 4.1. The vector T{v) belongs to A. 

The proof is straightforward. Thus we have the continuous operator T : 

A ^ A. 

We define the map t : A —)■ A by l{v) = nn('^ + In(A(Q;,d))) for v G 
A(q;, d) and extend it linearly on A. 

Lemma 4.2. The map l is injective. 

Before proving the lemma, we introduce some notations. Let a be an 
element of Qb- Since Qs is freely generated by B, the element a has the 
form J2b&B ^bb, where nt are non-negative integers and equal to zero except 
for finite b E B. We call Yln^B ^b the height of a and denote it by ht(Q;). Let 
V = r ■ ai(ni) ■ ■ ■ amirim) be a monomial in A with r E . For i = 1,..., m, 
we set Vi = ai{ni) ■ ■ ■ am{nm)- 

Proof. Let (a, d) be an element of Qb x C. It suffices to show that the de¬ 
creasing sequnce {I„(A(q;, d))}„ is separated. Put X = d,)). Let 

n be a non-zero element of A(q;, d). Then v has the form v = Y^i=i with 
/ > 1 and non-zero monomials Set S = = 1,... ,/,j = 

1,..., ht(Q;)}. Set M = min{Re(d(s))|s G S}. Set N = max{0,—[MJ}. 
Then, for any n > N, we have v ^ R(A(Q;,d)). Thus, X = 0, which com¬ 
pletes the proof. □ 
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We embed B into A by 6 i—)■ 6_i i—)■ 

We define the left action of A over A by 

A^ A —)■ End(A), 

where the second map is the left multiplication. 

Let I C A denote the two-sided ideal generated by the locality relations 
l{a,b,s,t) for all a,b E B and G C. It is a Qs x C-graded subspace of 
A. Let I denote the componentwise closure of I. Set U{B,J\f,ri) = A/I. We 
call U = U{B,M,ri) a free eurrent algebra (free eonformal algebra). Let J 
denote the left ideal of A generated by: 

1. a{n) {a E B, n E C \ Z<o); 

2. ai(ni) ■ ■ • amijim) ijn > 2, oi,..., E B, rii,..., rim £ C with ni ^ 

A/”(fli, + ^)- 

It is a Qb X C-graded subspace of A. Let J denote the componentwise closure 
of J. Set I{a,d) = I n A{a, d) and J(q;, d) = J fl A(a, d). 

Set F{B,X,ri) = C/((/ +J)//) ^ A/(/ +J). Note that F = F{B,M,ri) 
has the induced grading F = Since T(/) C I, T{J) C J 

and T is continuous, we have T(J) C I and T(J) C J. Hence T induces the 
operators T : U ^ U and T : F ^ F. Since I and J are ideal, the left action 
of A over A induces a left H-module structure on U and F. 

Since I is generated by the vectors which is the sum of the monomials of 
the length two, (a(—l)|a G i?)k is embedded in U. Consider X C A = k[X]. 
We have Xn(/-|-J) = {a(n)|a E B,n E C\Z<o}. Therefore, (a(—l)|a G H)k 
is embedded in F. Thus we have embedding B ^ F. 

Let a be an element of H C F. Set a(; 2 ) = XlneC ^ (End(F))[[ 2 ;, 

Proposition 4.1. The formal power series a{z) is a field on F. 

To prove the proposition, we need a lemma. Let a be an element of Qb- 
Set F{a) = 

Lemma 4.3. The subspaee F{a) is bounded below, that is, there exists iV G M 
sueh that 

F{a)= 0 F{a,d). 

d£C,Ke{d)>N 

Proof. We show that there exists iV G M such that for any d E C with 
Re(d) < N, we have A{a,d) C I{a,d) -|- J{a,d). Put m = ht(Q;). Let S be 
the set consisting of the vectors of the form 

ai(A/'(ai, YJj= 2 (^ 3 ) - 1) ■ --aAMiai, YAj=i+i<^j) “ A ' ■ ■ am(A/'(am, 0) - 1) 
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with ai,..., Om G B with ai + • • • + = «• This is a hnite set. Set 

M = min{Re((5(s))|s G S}. Then, for d G C with Re{d) < M, we have 
A(a, d) C I {a, d) + J{a, d), which completes the proof. □ 

Now we show that a{z) is a field. 

Proof of Proposition \4.1\ Let a be an element of Qb and n an element of 
C \ {Af{e{a), a) + Z). Then, for any homogeneous v with charge a, we have 
a{n)v = 0. Let (/5, e) be an element of x C. Let v be an element of F{(4, e). 
We show that a{n)v = 0 for n G Af{e{a), (3) + Z with Re(?7,) 3> 0. By Lemma 
14.31 the subspace F{e{a) + (3) has the form Be(d)>N B{e{a) + (3, d) with 
N E Tj. Since a{n)v G F{e{a) + (3, —n — 1 + e), we have a{n)v = 0 for n with 
Re(n) > + 1 — e. Thus, a{z) is a field on F. □ 

We show that F is algebraically-generated by {a(n)|a E B,n E C}. 

Proposition 4.2. For any v G F{a,d), there exists u E A{a,d) such that 
V = nn(“ + ^n{A{a, d)) + I{a, d) + J{a, d). 

Proof. Let v be an element of F{a, d). There exists w G y4(Q!, d) such that v = 
w + I{a,d) + J{a, d). The vector w has the form w = Y\n{wn + d))) 

with Wn E A{a,d) and for Ui < 77 - 2 , + Inj^{A{a,d)) = Wn 2 + Ini{.A{a,d)). 

Put m = ht(a). Let S be the set consisting of the vectors of the form 

ai(AA(ai,X; 5 = 2 «i) “ 1)''' E5=i+i “ 1)' ■ ■ai{J\f{ai,0) - 1) 

with I = 1,...,m, ai,... ,ai E B with a — ai — ■■■ — ai E {Qo) + . This is 
a hnite set. Set M = min{wt(s)|s G S}. Set N = max{—[MJ, 0}. Then 
for any n > TV, we have \n{A{a,d)) C I{a,d) + J{a,d). Therefore w = 
Ylni^N-\-ln{A{a,d))) + I{a,d) + J{a,d). Thus, we have the proposition. □ 

Therefore, the space F is generated by a{z) (a G B). 

Consider the linear map T on F. The held a{z) is translation covariant 
with respect to T. By Theorem 13.11 fReconstrnnction Theorem), we obtain 
the generalized vertex algebra {F{B,Af,ri),Y,\0),T) with a charge factor 
{Qb, 3S., h); where A(a, (3) = Af{a, (3) - 1 - Z. 

By the construction, we have the following universality of F. 

Theorem 4.1. Let V be a GVA with a charge factor {Q',A',r]') on V'. 
Suppose that there exists a group homomorphism p Qb ^ Q' such that 
A(a,/3) = A'(p(a), p(/3)) and p{a,f3) = p'{p{a), p{(3)) (a, [3 E Qb)- Suppose 
also that there exists a map i \ B ^ V such that each vector i{b) is zero or 
a homogeneous vector of charge p{h) (b E B), that i{B) generates the GVA 
V' and that the map Af : i{B) x i(B) —)■ C with Af'{i{b),i{c)) = Af{b,c) 
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is well-defined and is a locality bound on i{B). Then, there is the unique 
surjective GVA-homomorphism tt : F ^ V' such that ttIb = i- 

We call F a free generalized vertex algebra. This is a generalization of 
the free vertex (super)algebras [ 2 nl |. 

4-2. Universality of the free generalized vertex algebras 

Let 1/ be a generalized vertex algebra with a charge factor {Q, A, rj). Let 
us denote the charge of a Q-homogeneous element v by 7 (n). Let 5 be a 
totally ordered set with a map i : B ^ V. Suppose that any element of 
i{B) is a Q-homogeneous vector. Suppose that the set i{B) generates V. Let 
Qb = Ze(n) be a free abelian group with a Z-basis {e(n)}^gs indexed 

by B. Let J\f : B x B ^ C he a. locality bound on {B, i). 

Now we dehne another function M' : B x B ^ C. For a,b ^ B with 
a b, set Af'{a,b) = Af{a,b). Let a be an element of B. We denote i{a) 
and 7 (i(a)) by a. If a{J\f{a,a) — l)a = 0 and rj{a,a) 7 ^ g- 7 r*A/'(a,a)^ then set 
Af'{a, a) = Af{a, a) — 1; otherwise, set Af'{a, a) = Af{a, a). Then, Af is again 
a locality bound on {B,i). 

Lemma 4.4. For any a ^ B, 

7(a, a) = 

Proof. Let a be an element of B. Since T]{a, a) = e-27r*A(a,/3)^ have 

ri{a,a) = . Suppose a{J\f{a,a) — l)a = 0 and ri{a,a) 7 ^ e-’r»Ar(a,a)_ 

Then, T]{a,a) = _Therefore, r]{a,a) = ia,a)^ 

Suppose a{Af{a,a) — l)a 7 ^ 0. Then, Af'{a,a) = Af{a,a). By eq. fl3.2p . we 
have 

«) - J>(-1+ j) 

j&+ ^ ^ ^ 

—r]{a, a)e^''^ 1 + J\f'{a, a) — j)a(—l + |0) = 0. 

Since a(—l)|0) = a and a(—l+j)|0) = 0 forj > 0, we have ( 1 — 77 ( 0 , 

J\P{a,a))a = 0 . By the assumption, we have 1 — 77 ( 0 , 0 ) 6 ”-^'^“’“^ = 0 , which 
completes the proof. □ 

Corollary 4.1 (Corollary of Theorem 14.ip . There exist a bimultiplicative 
function rj' : Qb xQb ^ with r]'{a, a) = such that there exists 

a surjective GVA homomorphism tt : F{B,Af',T]') V with 'k\b = i. 

Proof. We have the canonical group homomorphism n ■. Qb ^ Qhy (t^)) = 

Let a, fi be elements of Qb- Dehne 77' : Qb x Qb —t 
by r]'{a,l 3 ) = 77(77(0;), 7r(/3)). Then, we have r]'{a,a) = for any 

a E Qb- Then, by Theorem 14.11 we have the proposition. □ 
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5. The generalized lattice vertex algebras and the free generalized 
vertex algebras 

5.1. The generalized principal subspaces 

We introduce a notion equivalent to the free generalized vertex algebras— 
the generalized principal subspaces. 

Let f) be a vector space over C equipped with a bilinear form (-I-) : x f) 

C. Let £ : [) X [) —)■ be a 2-cocycle. Let L C f) be a lattice equipped with 
a Z-basis i? C f). Assume that B is also a C-basis of f), so that f) = C L. 
Consider the generalized vertex algebra 

H = M(1) OcC[t)] 

associated to the vector space f) j^. Consider the lattice generalized vertex 
algebra Vl C Vf, associated to the lattice L (cf. Bi). Consider the e- 
modihed GVA ¥[. 

Definition 5.1. The generalized principal subspace (generalized principal 
subalgebra) of the lattice GVA ¥£ is the generalized vertex subalgebra 

Wl(B) = (ef^W 6 B) 

generated by the vectors {e^\(3 G B}. 

We denote Wl = WI = Wl{B). 

Remark 5.1. When L is an integral lattice, Wl agrees with the principal 
subalgebra of Vl introduced in [l8|. When L is the Ai root lattice and the 
basis i? is a base of roots, Wai agrees with the principal subspace of the basic 
representation of affine Kac-Moody Lie algebra introduced in j^. 

Let L' be an abelian subgroup of f) containing L with a 2-cocycle £ : 
L' X L' ^ extending the 2-cocycle £ on L. Gonsider the GVA Vl' = 
0aGL' ^(1) ® ^-modified GVA V/,. Let A be an element of L'. 

Definition 5.2. The generalized principal subspace of weight A over Wl with 
the e on L' is the cyclic ILV-submodule 

Wl{B-X) = WL-e^cVL>. 

We denote Wl{X) = 1V£(A) = 1V£(5;A). Note that Wl{0) = Wl as 
vector subspaces. 

Gonsider the vector v = hk{—ik) ■ ■ ■ hi(—ii)e" with k > 0, hi,..., hk E 
ii,... ,ik > I and a 6 t). The weight of v is 

/ N • • (<y\a) 

wt{v) = tk-\ -h H- 
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Let V he a. vector subspace of {VliY- Set Vn = C-span{u G fL|wt(u) = 
n}. The grading V[, = 0„£c(^')n is a weight-grading. The subspaces 
VI, Wl and hT£(A) are weight-graded. Actually, Wl is L+-graded, where 
L+ = 0aeB^+«- 

5.2. Bases of the generalized principal subspaces 

Set Af{e°‘,e^) = —(a|/3) for a, ft G B. Identify the Z-basis B and the 
subset B = {e"|Q! G B} C W[{B). The symmetric function A/" is a locality 
bound on the subset B. Consider a total order < on B. 

Theorem 5.1. The set C{Wl{B), B,M) is a basis ofWl{B). 

Our proof is a generalization of the one given in [l^. We first prove the 
case when e is trivial, that is, e{a, ft) = 1 for any a,ft ^ L. 

Proposition 5.1. If the 2-cocycle e is trivial, then the set C(Wl{B), B,J\f) 
is a basis ofWf^B). 

Suppose the 2-cocycle e is trivial. Consider V = \) with the trivial 2- 
cocycle e on 't). We denote W = Wl{B) and W{\) = Wf^B] A) (A G f)). 

First, we extend the metric vector space f), which is not necessarily non¬ 
degenerate, to a non-degenerate one. Consider the kernel K = ker(-|-) of the 
bilinear form (-I-) of 1). Let C be a basis of K. Let K' be a complement of 
TL in f). Let K* be a vector space isomorphic to K with a basis C* and a 
bijection * : C ^ C*, fi fi*. Set !)' = [)© K* and extend the bilinear 
form to be {K'\K*) = 0 and (/i|zz*) = 5^,^ for fi,u E C. Then the bilinear 
form is non-degenerate. Let D denote the dual basis of the basis BUC* with 
respect to (-I-) with a bijection o : B L\ C* ^ D, ft ft°, with (/5°|7) = 5/3,7 
(/5 ,7 G BUC*). Consider the generalized vertex algebra V/,/ (with the trivial 
2-cocycle on f)'). Then, Vf, is a generalized vertex subalgebra of Vf,/. 

Let A be an element of P)'. Consider the simple current operator 

ex-.W^W{X), eA(h® e“) = h(8)e“+^ 

for h G M(l) and a G L+. Then, we have 

ca o e“(m) = e"(m — (A|a)) o ca (5.1) 

for a G L_|_ and m G C. Let ft,'y be elements of B. Note that A/'(e^°, e'’') = 
—5/3,7 — 0- In formula 03.21) . substitute a = e^° ,h = and = 0. Then, we 
obtain the commutation relation 

(s)e^(t) - (-l)^^’-e^(t)e^“ (s) = 0. (5.2) 
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Let a be an element of C{W, Then a has the form 


k 

a = - ;e^^mfc) = JJ |0) 

^=1 


with a non-negative integer k, elements /3i,... ,/3fc G B with /3i <■■■< /3k 
and negative integers mi,, mk < 0 snch that m* > mj if i < j and (3i = 13j. 
Let i be an element of {1,..., fc}. If i > 2 and /3i = /di-i, then set 




otherwise, set 


Dl = e. 


/3i 




-rrii-l 


Note that for 7 G -B and m G C, we have the commutation relation 


(e_(ft). o(e<'’*l")(-l))oe'’(m) 

= + o o (el'’'>-)(-l)), (5.3) 


by eq. flb.ip and fl5.2p . Consider the operator 

k 

i=l 

Lemma 5.1. There is a non-zero scalar c G such that 

X,{a) = c-\0). (5.4) 

Proof. We prove fl5.4p by induction on k. 

Assume k = 0. Then, a = |0), and Xa is the identity operator on W. 
Therefore, Xa{a) = c|0) with c = 1 G C^. 

Assume/c > 0. Consider the operator 

Let ki denote the maximum number in {1,..., /c} such that f3i = ■ ■ ■ = f3k.,^. 
Since 

e“(—l)|0) = e“ and e_Q,e" = |0) for any a G f)', (5.5) 

by eq. fl5.3l) . we have 

k 

= (-l)'-”'-'’*' ■ o J] - Eb'iWIft))) |0) 

i=l 
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with ti = rrii — mi — 1 for i = 1,... ,ki and tj = rrij for j = ki + 1,..., k. Since 
ti = mi—mi —1 = —1, by eq. fIS.Sp and flS.ip . we have D\{a) = (—• 
f 2 ; • • • ; e^^ ffc). Then, Xa = Xa' o Dl, since -U + U-i = -rrii + rrii-i 
for i = 2,..., fci. By the indnction hypothesis, we have Xa'i^a') = c'|0) with 
c' G C^, so that Xa{a) = c|0) with c = (—as reqnired. □ 

Let 6 be a monomial in C(1T, Then b has the form 

i 

6 = - ]e'^\ni) = Y[(e'^^{ni-J2TJihi\lj))) | 0 ) 

i=l 

with a non-negative integer / > 0, elements 71 ,..., G -B with 71 < • • • < qz 
and negative integers ni,... ,ni < 0 snch that Ui > Uj if i < j and qi = q^. 
We say 

a >~ b, 

ifil)k = l- ( 2 ) A = q* for alH = 1,..., fc, and (3) there exists t E {I,..., k} 
such that rrit < fit and mj = rij for any j < t. Note that when a and b have 
the same charge, either a-<b, a = b or a>~b hold. 

Lemma 5.2. If a>~ b, then Xa{b) = 0. 

Proof. Suppose a >- b with an element t G fc} such that m* < n* 

and ruj = nj for j < t. Put X' = n!=i ^a- If ^ > 1 and A-i = 

then set m := mt-i] otherwise, set m := —1. Then, X'^{b) is a multiple of 

T(e^‘, Ui — m — 1; e^*+LPi+i; • • • with some pi+i,... ,pfc. Therefore, 

D\^X'^{b) = 0 , since nt is greater than mt and e '>'(—1 -f j)| 0 ) = 0 for j > 1 . 

Hence, Xa{b) = 0, as desired. □ 

Proof of Proposition 15. il By Corollary 13.11 it suffices to show that the set 
C(W, H, M) is linearly independent. Let m be a positive integer. Let vi,... ,Vm 
be elements of C(IV, B,Af) with Vi A Vj {i,j G {1,..., m}, i A j) and Vi A 
{i = 2, ... ,m). Let Ci,..., be complex numbers with 

CiUi -I-h CmVm = 0. (5.6) 

We show Cl = • • • = Cm = 0 by induction on m. When m = 1, we have 
Cl = 0. Therefore, assume m > 1. Note that the elements of C{W, B,J\f) are 
charge-homogeneous vectors. If the charge of vi is not equal to the charge 
of Vi for some i, by the induction hypothesis, we have ci = • • • = Cm = 0 . 
Assume that the charge of Vi is equal to the charge of Vi for alH = 1 ,..., m. 
Then, we have Vi >- Vi for i = 2, ... ,m. By applying the operator Xi to both 
sides of fl5.6p . we obtain ci-c-|0) = 0 with c G C^, by Lemma E2] and equality 
05.41) . Therefore, ci = 0. By the induction hypothesis, C 2 = • • • = Cm = 0, 
which completes the proof. □ 
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Proof of Theorem \5.1[ Let a be an element of the snbset B. Note that the 
e-modihed GVA Vf is a GVA with the same nnderlying vector space Vl and 
the modified vertex operators Y^(a, z). The modified vertex operator has the 
form Y^{a,z) = ^ with operators Y{n) : Vl ^ Vl {n & C). For 

a homogeneons v G Vl, we see that Y{n)v is a non-zero mnltiple of a{n)v, say, 
£(7(0), 7(n)). Here, 7(a) and 7(n) are charges of a and v. Since the elements 
of C{W, are monimials in the homogeneons vectors B, and the set 

C{W, B,Af) is linearly independent, we see that the set C(Wl{B), B,Af) is 
linearly independent. By Gorollarv 13.11 we have the theorem. □ 

Let L' be an abelian snbgronp of f)' containing L with a 2-cocycle £ 
on L' extending the 2-cocycle e on L. Let A be an element of L'. Pnt 
fF(A) = Wf{B-,X). Gonsider the snbset C(fF(A), H, A/"; A) C hF(A) consisting 
of the elements 

k 

T(e^, - E5=l(AI/^i) - (A|A))) 

i=\ 


with a non-negative integer fc > 0, elements /5i,..., G B with /9i < • • • < 
(3k and negative integers mi,...,m^ < 0 snch that m* > rrij iii < j and (3i = 
I3j. Here, we extend M to the set HU{A} by A/'(a, h) = —{a\b) (a, b G i?U{A}) 

and define ^(e^, mo; mi; • • • ; 6^'=, mfc) as section 13.41 fmn. mi. mi. G 

C). 

Corollary 5.1. The set C{W{\), B,J\f; X) is a basis ofW{X). 


Proof. By Theorem 15.11 and nsing the simple cnrrent operator e\, we have 
the corollary. □ 


This is the generalization of the resnlts of [18 


5.3. Structure of the free generalized vertex algebras and generalized principal 
subspaces 

Let H be a set. Let Q = Qb = 0aes ^^(a) be a free abelian gronp with 
a Z-basis {e{a)}a£B indexed by B. Let Af : B x B ^ C he a. symmetric 
fnnction, and extend it bilinearly to Q x Q —)■ C. Let rj : Q x Q ^ 
be a bimnltiplicative fnnction with r](a,a) = Gonsider the free 

generalized vertex algebra {F{B,Af,r]),Q, A,r]), where A : Q x Q ^ 'CI'L is 
defined by A(a, (3) = A/'(a, (3) + Z. 

Define the symmetric bilinear form (-I-) : Q x Q — >■ C by {a\/3) = 
—Af{a,/3). Set t) = Q C. Extend to t) the bilinear form (-I-) on Q. Gon¬ 
sider the generalized vertex algebra Vf,. Then, Af{a,(3) is a locality bonnd of 
e“,e^ G Id) {a, (3 G Q). 
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In the sequel, we denote a = e(a) for a E B. 

Let Q!,/9 be elements of Q. Set u{a,(3) = r]{a, Then u : Q x 

Q is bimultiplicative. Since ri{a,a) = ■vv'e have uj{a,a) = 

1. By the well-known result, we obtain the 2-cocycle e : Q x Q ^ 
with e{a, (3)e{/3,a)~^ = oj{a,/3). Consider the ^-modified lattice GVA Vq = 
Vq and the principal subspace Wq{B). Then, we have the projection tt : 
F{B,J\f,T]) —)■ Wq{B) with 7r(a) = e“ for each a E B. 

Theorem 5.2. The free generalized vertex algebra F{B,J\f,T]) is isomorphic 
to the generalized principal subspace Wq{B). 


Proof. Put F = F{B,J\f,ri) and W = Wq{B). Consider a total order on 
B and spanning sets C{F,B,J\f) and C(W, B,Af). Consider the surjection 
TT ■. F ^ W. By the construction, the image of the spanning set C(F, B,J\f) 
agrees with C(W, B,Af). Since C(W, B,Af) is a basis, we have the inverse 
map W ^ F. Thus, we have the corollary. □ 


This is the generalization of the results of [20| 
PBW-type bases for the free vertex algebras is given in 
do not generalize the bases in this paper.) 


Note that another kind of 
(However, we 


20 


6. Presentation of lattice vertex algebras in terms of generators 
and relations 

Let L be a lattice with a symmetric Z-bilinear form (-I-) : L x L —)■ C. 
Let e : L X L ^ be a 2-cocycle. Denote by u the canonical invariant of 
£. Consider the ^-modified generalized vertex algebra Vl = Let H be 

a Z-basis of L. 

Set H = {a|a G n} U {a|a G TH}. We set —a = —a. Define the map 
6 : B ^ L hj S(a) = a {a E TH) and 6(a) = 0 (a G H). Let Qb denote the 
free abelian group generated by B. Extend 6 bilinearly on Qb and denote 
6 : Qb ^ L. Dehne a bimultiplicative function rj : Qb x Qb —t Cby 
r](a,(3) = e'^^^^^°''>^^^^'>'>u(6(a),5((3)) for a, (3 E Qb- Define : i? x i? —)■ C by 

U(v\ = -{a\b), Ff{a,b) = 2, Af{a, v’’) = 1, (a, bE±U). 

Consider the free GVA F = F(B,J\f,'r]). Then we have the projection F 
Vl- 

Lemma 6.1. The lattice generalized vertex algebra Vl is presented by gener¬ 
ators a (a E II) and a =: fora E TH with the locality factor rj and locality 
bounds Af, and the following relations (a, b E ±nj.- 
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1. a(0)6 = 0, a(l)6 = (a|6)|0), 

2. a{0)v^ = {a\b)v^, 

3. w“((a|a) — l)w““ = |0), 

4. = a(—l)w“. 

Note that 6 : Qb ^ L induces the bimultiplicative and bilinear functions 
7] : L X L ^ and A : L x L —)■ C/Z on L from rj and A on Qb- Then 
(L, A, 7]) with the induced grading forms a charge factor on F. Let I be 
an weak GVA-ideal of F generated by the above relations. Since the above 
relations are L-homogeneous, / is a GVA-ideal. Gonsider the quotient GVA 
W = F/F Since Vl satishes the above relations, we have the projection 
W Vl. We show W ^ Vl. 

Set () = L ig)z C and bilinearly extend the form (-I-) to t). Gonsider the 
abelian Lie algebra structure on 1). Gonsider the corresponding affine Lie 
algebra (Heisenberg algebra) 1) = 1) G) C[f, t~^] © Cc with [x F] = 

{x\y)mSm+nflC for x,y E t), m,7% E Z and [c, 1)] = 0. We denote x<S)t^ = x{m). 

Lemma 6.2. The HeiseTiberg algebra 1) acts on W by cv = v and a{m)v = 
a{m)v for aGHcf), mGC and v E W . 

Proof. Let a, b be elements of H and m, k be complex numbers. Let v be an 
element of U. By the Borcherds identity with n = 0 and c = v, we have 
a{m)b{k)v — b{k)a{m)v = m{a\b)5m+kflV. Thus, we have the lemma. □ 

Gonsider a total order > on H. Let a be an element of L. Then a has 
the form a = Yl'i=i with elements bi,... ,bn E H with bi <■■■< bn and 
signatures si,..., E {±1} with s* = sj if bi = bj. Set 

n 

-1; . . . ; -1) = jq - (6 .E‘;;sA))) |0). 

i=\ 

It belongs to the set C(1T, ©H, A/”). Put C = C(1T, in,^). For a monomial 
V = (ni) • • • |0) with a* E ©H and n* E C, we set 7(n) = ai © ■ ■ ■ © 

Om E L. Set C" = {n G C\'y{v) = a}. 

Lemma 6.3. 1. The subspace spanned by the set C" coincides with the 

submodule 

2. n" is a highest weight vector of 1) with /i(0)n“ = {h\a)v°' for h E 1). 

Proof. By the Borcherds identity with n = 0, we have a{m)v'^{k)—v'^{k)a{m) = 
{a\b)v^. By the translation axiom of GVA and the relation Tn“ = a(—l)n“, 
we have the lemma. □ 
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Proof of Lemma l6J[ Note that ^ acts on Vl = 0„g^M(l) $$ e“. By the 
above lemma, W = 0aeL U{i))v°‘, since / is L-graded. Since is a highest 
weight vector with weight h(0)n" = {h\a)v°‘, and the projection W ^ Vl 
is a snrjective l)-module homomorphism, we see that the projection is an 
isomorphism, which completes the proof. □ 


Theorem 6.1. The lattice generalized vertex algebra Vl is presented by gen¬ 
erators {n“|a G ±n} with locality bound Af{a,b) = —{a\b) and ri{a,b) = 
e'^*(“l^)a;(a, 6) (a,b G ±nj and relations {n“((a|a) — = e:(a, —a)|0)|a G 

n}. 


Proof. Consider a set of generators B = {X“|a G iff} with the sym¬ 
metric map AA(X“,X^) = —{a\b) and bimultiplicative map ri{X°',X’^) = 
e’^*(“l^)a;(a, b) (a, b G iff). Consider the corresponding free generalized vertex 
algebra F = Fj^^r}{B). Then by the universality of F, we have the projection 
■K ■. F ^ Vl with X“ i—)■ For a G ±11 denote K°‘ = X“((a|a) — 1)X““, 
fja ^ X“((a|a) — 2)X““. By eq. fl3.2|) . we have = (a|6)X“(—2)iC^, 

= {a\b)K^{-l)K\ = (a|6)h:“(-l)X^ F“(-1)X“ = X^{-2)K‘^+ 

(a|a)iF“(—2)X“. Let J d F denote the ideal generated by the relations 
X“ = e:(a, —a)|0) (a G fl). Then by the above equalities and Lemma lOl 
F/J = Vl, which completes the proof. □ 


This is the generalization of the result of [20 


7. The properties of the generalized principal snbspaces 

Since the free generalized vertex algebras are isomorphic to generalized 
principal subspaces, we study the generalized principal subspaces. 

Let I be a positive integer. Let 1) be a /-dimensional vector space over C 
equipped with a bilinear form (-I-) : f) x 1) —)■ C. Let e : () x () —)■ be a 
2-cocycle. Let L C be a lattice equipped with a Z-basis F C 1). Assume 
that B is also a C-basis of t), so that 1) = C (8)^ L. Consider the (e-modi£ed) 
generalized vertex algebra Vj, = M(l) 00 C[f)] associated to the vector space 
[). Let A be an element of L°. Consider the generalized principal subspaces 
Wl = Wl{B) and Wl{X) = Wl{B, A). 

7.1. Graded dimensions of the generalized principal subspaces. 

Recall the charge-gradings and weight-gradings of the generalized princi¬ 
pal subspaces. Note that they are compatible. 

Definition 7.1. The graded dimension XWl{\) of is 

XrVi{A)(*;g) = ^ dime ((hFL(A)“)„) gV/'' 

aSf|,nGC 
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where iij3i + • • • + iil3i = a. 


To compute the graded dimension, consider the symbols 


{q)k = {q; g)fc = (1 - g) • • • (1 - g^), (^ > 1), 


(g)o = 1, and (g)oo = Here (a; q)k = (l-a)(l-ag) • • • (1-ag^ i) 

is the g-Pochhammer symbol. Recall that l/(g)A: agrees with the generating 
function of the partitions into parts not greater than k, therefore agrees with 
the generating function of the partitions into at most k parts. Recall further 
that 

1 1 °° 

-^p{k)q\ 


(g)oo ¥^(g) 


k=0 


Here, (p(g) is the Euler function and p{k) is the number of the un-restricted 
partitions of an integer k. Consider the Gram matrix A = ((Al/^i)), Since 
A e [), A has the form ji/3i H-h jfA with ji,..., e C. Put j = (ji, 


Theorem 7.1. The graded dimension ofWL^X) is given by 


XWlW{x; q) 


E 


q 2 n 
{q)n---{q)n^^ 


■ ■ ■ X 


k 

I 5 


where i = (R,..., i;). 

Proof. The assertion follows from Corollary 15.11 and the relation 

_ (« + + -^) _ (* + j) ■ H • (i + j) 

wtfe J _ ^ ^ 

where a = ii(3i + • • • + iifdi. □ 


1.2. Duality of the principal subspaces. 

We prove the duality theorem of the principal subspaces. Assume that 
the bilinear form (-I-) is non-degenerate. Then there exists /3l,...,/3i G f) 
such that 

il3!\l3j) = dij, 

where 6ij is the Dirac delta function. Consider the dual lattice L° with the 
dual Z-basis B° = {/9J’,..., /9°}. 

Now, we dehne the notion of the commuteness of generalized vertex al¬ 
gebras. Let R be a generalized vertex algebra and S a subset of V. 

Definition 7.2. The commutant of S' in R is the vector space 

Com(S', R) = {n G R|n(n)s = 0 for s G S' and n > —1}. 
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Furthermore, we define the notion of the invariant subspaces. Let A be 
a vector subspace of a module of V. 

Definition 7.3. (cf. [l^) The invariant subspace of S inside A is 

A^+ = {n e A\s{n)v = 0 for s e S' and n > —1}. 

When A = V, the vector space V^+ agrees with Com(S, V). 

The following theorem is our main result. 

Theorem 7.2. The invariant subspace of the generalized principal 

subspace W^o inside Vl coincides with the generalized principal subspace Wl- 

Note that, since {L°)° = L, we also obtain (14°)^^^^+ = Wl° from the 
theorem. To prove the theorem, we use what we call Feigin-Stoyanovsky type 
filtration. 

Let fi and u be elements of L. Then, /r and u have the form p, = iifii + 

-h iifii and p = jifii H-h jifii with in,jn E Z {n = 1,... ,1). We say 

pFp, 

if in 4 jn for n = 1,... ,1. Then (L, 4) form a filtered set. When p F p, 
we have WLip) C Wl{p)- Set Fl = {Wl{p)\p E L}. Consider the inductive 
system (i4,c). Then, the inductive limit hmi4 coincides with the whole 

lattice vertex algebra Vl, since the graded dimensions of the elements of 
Fl converge to the graded dimension of Vl by Theorem 17.11 We call the 
inductive system Feigin-Stoyanovsky type filtration. By Corollary 15.11 we 
know a basis of Wl{p)- Consider the total order fii <■■■< fii on B and 
locality bound = —(a|/9) on B. We denote C{Wl, B,J\f; p) = 

Now, consider the subset consisting of the elements 

k 

T(e^, -l;e“bmi; • • • ; e^-finik) = - {ai\p + 

i=l 

with a non-negative integer k, elements ai,... ,ak E B with Oi < • • • < a„ 
and negative integers mi,... ,mk with mi < —2 if oi = fii and m* > ruj if 
i < j and Oj = Oj. 

Then, = cY‘^U{e{p, since eA[—l—[/3i\p))ef^ = e{p, /3i)e^+^L 

Here, cX denotes the set {cx\x E X} for a non-zero complex number c and 
a set X. Set WLip)' = C-span(Cj^^). Then, Wl{p) = H4(/i)' © Wl{p + A)- 
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Lemma 7.1. The linear map 


(e«)(-(/3;iA) - 1) : Wl{p)' V, (7.1) 

is injective. The linear map 

(e«)(-(ft“|,.) - 1) : Wl{p + ft) ^ n (7.2) 


is zero. 

Proof. Let v be an element of the basis Then v has the form 

k 

V = = JJ - (ai|/i + 

i=l 

with a non-negative integer k, elements ai,... ,ak G B with ai < • • • < 
and negative integers mi,, m^ with m* > mj ii i < j and a* = aj. By com¬ 
mutation relation fl5.2p and the equality {e^^){—{(3^\p.) — l)e^ = e{/3i, 
we have 


(e'’")(-(ftift-i)« 

k 

= C ■ n - {ai\p + 

i=l 

= c - T -l;e“\mi -F (ai|/3i); • • • ;e“^mfc -t- {ak\^i)) 


with a non-zero scalar c G C^. When ai = /3i and mi = —1, we have 
(e^i)(—(/d^l/i) — l)n = 0, since (e^i)(—1 — {l3i\pL))e^^~^^ = 0. Hence the map 
07.21) is zero. When oi > /di or mi < —1, we see that c“^(e^i)(—(/d^|/i) — l)r; 
belongs to Moreover, if w G satisfies w V, then any non¬ 

zero multiple of (e^i)(—(/dj’l/i) — l)t(; is not equal to c“^(e^i)(—(/S^|p.) — l)v 
in . By linearly independence of the set the map 07.11) is 

injective. □ 


Proof of Theorem 7^. Put X = By the commutation relation 

05.2p . we obtain 11^ C X, since e^*(m)|0) = 0 for m > 0 and i = 

We prove Wl P> X. Let v be an element of X = Since is a 

hltration, there exists p. E L such that v G HL(/r). Since p E L, p has the 
form p = H/di ii(3i with ii,... ,ii E Z. We show 


V E Hi(z2/^2 + • • • + ii/3i)- (7-3) 

When ii > 0, we have Wl{p) C WL{i 2 P 2 + ■ ■ • + bA)- Therefore, in this case, 
07.3p holds. Assume that A < —1. Then, since —(/d°|/i) — 1 = —ii — 1 is 
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greater than or equal to 0 and v belongs to X, we have (e^i)(—(/3^|/r) — l)n = 
0. By Lemma 17.11 v G Wl{^ + /^i)- Repeating the procedure, we have 
V G WL{'i2f32 + - ■ • + hA)- Hence we have fl7.3p . Since the ordering (/3i ,..., (3i) 
of B is arbitrary, we also have v G + • • • + and eventually we 

obtain v G Hl(0) = Wl, which completes the proof. □ 

Now, we give an application of the theorem. 

Let g be a rank I simply laced simple Lie algebra. Let f) be a Cartan 
subalgebra of g with the root lattice Q and weight lattice P. Let ai,... ,ai 
be simple roots of g with the Borel nilradical n± and the fundamental weights 
Ai,..., A;. 

Consider the affine Kac-Moody Lie algebra g^^^ = g[t, t~^](BCK(BCD. Set 
the fundamental weights Aq, Ai,..., A; of g^^^ Let L(An) be the level one 
fundamental representations. Then, L(Ao) has naturally a vertex algebra 
structure and L(A„) a structure of module over L{Aq) for n = 0,..., / which 
are compatible with the action of g^^h 

Let Vq and Vp be the (generalized) vertex algebra associated to the lat¬ 
tices Q and P. Then, Vq is a vertex subalgebra of Vp, and Vp has the 
structure of Vg-module. Note that the irreducible modules Vq+a„ over Vq 
( n = 1,..., /) are submodules of Vp. 

It is well-known that the vertex algebra L(Ao) is isomorphic to Vq and 
the module L(A„) is isomorphic to Vq+a„ {n = 1,..., /). 

Consider the generalized principal subspace Wp of Vp. Let A be an ele¬ 
ment of P. We denote 

(^Wpf = ^{Wp)^+^. 

/3eQ 

Corollary 7.1. Under the isomorphism, the invariant space agrees 

with (lLp)°. Moreover, the invariant space L(A„)("+W^ agrees with (IVp)^" 
for n = 1,... ,1. 

Corollary 7.2. The commutant Com(lVQ, Vq) of the Feigin-Stoyanovsky 
principal subspace Wq inside Vq agrees with (Hp)°. 

Proof of the corollaries. We see that Wp fl Vq+a = (Hp)'^ for A G P. Since 
P is the dual lattice of Q, by Theorem 17.21 we have the corollaries. □ 

Acknowledgments 

The author wishes to express his thanks to his advisor. Professor Atsushi 
Matsuo for helpful advice and kind encouragement. He also wishes to express 
his thanks to Toshiyuki Abe, Hiroshi Yamauchi and Masanari Okumura for 
helpful discussions. This work was supported by JSPS KAKENHI Grant 
Number 14J09236. 


31 




References 


References 

[1] E. Ardonne, R. Kedem, M. Stone, Fermionic characters of arbitrary 
highest-weight integrable s/^+i-modules, Comm. Math. Phys. 264 (2006) 
427-464. 

[2] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, 
Proc. Nat. Acad. Sci. 83.10 (1986): 3068-3071. 

[3] B. Bakalov, V. G. Kac, Generalized vertex algebras. Proceedings of the 6- 
th International Workshop “Lie Theory and Its Applications in Physics”, 
Varna, Bulgaria (2006) 3-25. 

[4] C. Calinescu, J. Lepowsky, A. Milas, Vertex-algebraic structure of the 
principal subspaces of level one modules for the untwisted affine Lie 
algebras of type A, D, E., J. Alg. 323, no. 1, (2010) 167-192. 

[5] S. Capparelli, J. Lepowsky, A. Milas, The Rogers-Selberg recursions, the 
Gordon-Andrews identities and intertwining operators. The Ramanujan 
Journal 12 (2006) 379-397. 

[6] W. J. Cook, H. Li, K. C. Misra, A recurrence relation for charac¬ 
ters of highest weight integrable modules for affine Lie algebras. 
Comm. Contem. Math. 9, no. 2, (2007) 121-133. 

[7] C.Y. Dong, Vertex algebras associated with even lattices, J. Alg. 161.1 
(1993) 245-265. 

[8] C. Y. Dong, J. Lepowsky, Generalized vertex algebras and relative vertex 
operators. Springer, (1993). 

[9] B. Feigin, E. Feigin, M. Jimbo, T. Miwa, E. Mukhin, Principal sis sub¬ 
spaces and quantum Toda Hamiltonian, Algebraic analysis and around, 
Adv. Stud. Pure Math, 54 Math. Soc. Japan, Tokyo (2009) 109-166. 

[10] G. N. Georgiev, Gombinatorial constructions of modules for inhnite- 
dimensional Lie algebras, 1. Principal subspace, J. Pure Appl. Algebra 
112, (1996) 247-286. 

[11] K. Kawasetsu, The intermediate vertex subalgebras of the lattice vertex 
operator algebras, Lett. Math. Phys. 104.2 (2014) 157-178. 


32 



[12] R. Kedem, T. R. Klassen, B. M. McCoy, E. Melzer, Fermionic sum repre¬ 
sentations for conformal field theory characters. Phys. Lett.B, 307(1), 
(1993) 68-76. 

[13] B. H. Lian, A. R. Linshaw.: Howe pairs in the theory of vertex algebras, 
J.Alg. 317.1 (2007) 111-152. 

[14] J. M. Landsberg, L. Manivel, The sextonions and , Adv. Math. 201.1 
(2006) 143-179. 

[15] J. Lepowsky, R.L. Wilson, A new family of algebras underlying the 
Rogers-Ramanujan identities and generalizations, Proc. Nat. Acad. Sci. 
78.12 (1981) 7254-7258. 

[16] H. H. Li, X. P. Xu, A characterization of vertex algebras associated to 
even lattices, J.Alg. 173.2 (1995) 253-270. 

[17] A. Matsuo, K. Nagatomo, A. Tsuchiya, Quasi-hnite Algebras Graded by 
Hamiltonian and Vertex Operator Algebras, Moonshine-The First Quar¬ 
ter Century and Beyond: Proceedings of a Workshop on the Moonshine 
Conjectures and Vertex Algebras. 372 Cambridge University Press, 
(2010) 282-329. 

[18] A. Milas, M. Penn, Lattice vertex algebras and combinatorial bases: gen¬ 
eral case and W-algebras, New York J. Math 18 (2012) 621-650. 

[19] M. Prime, Vertex operator construction of standard modules for An\ 
Pacihe J. Math. 162 (1994) 143-187. 

[20] M. Roitman, Combinatorics of free vertex algebras, J. Alg. 255.2 (2002) 
297-323. 

[21] A. V. Stoyanovskii, B. L. Feigin, Functional models for representations of 
current algebras and semi-inhnite Schubert cells. Funct. Anal. Appl. 28, 
no. 1, (1994) 55-72. 

[22] Y. Zhu, Modular invariance of characters of vertex operator algebras. J. 
AMS 9, no.l (1996) 237-302. 


33 



